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IIntroduction

Overall goal: Relate the asymptotic behaviour of
solutions of PDES to that of the

geometry
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D Construct the boundary OM.
B Extend the new stucture to boundary points .



In a second time...

4O Construct invariant differential operators I that act on
appropriate objects) in order to generalise equations
on M.

eg
. conformal lprojective haplacian..

5 study their to boundaryextension points.



Vocabulary of Lorentzian geometry
FUTURE
^ g

=-
W0CP+EwCR

temelike

^

7eight
-like

Ilight -cone S

spacelike spacelike
)

bo

temelike

PAST

Time orientation: choice of connected component of Si0Y I choice of v,glqus0.o



MotivationsBO
.
Massive fields

cFuture timelike infinity
it

t

s
ğ

=ñg

o spacelike infinity
2
-4

Gtuzycitors

r

S

ior Past temelike infinity
Perrose diagram of conformally compactified

-Minkowski spaceleme



MotivationsBO
dtl
IRIn klen -GoidonDId=o

tmequation:

04=
o

~
OtUI

==+PA+1)8ut

la-mio )4, 1=10+% )
(m=1) { ulgx

)= Ce ca
),

QESCiRd
)

Theorem CHormander
)

uxCtia) = Voltia) +WCta)eTe
.

FOESCPLE
-tapjE,

iRdry

WfCGpalvCtOtipjeEpiwgltire).

Wolti) -ztCTET Aflâk b
-ã) si

tslap

ê{
o sinon

; Wj(tix)Osprojectiveparameter

ã =ex



- rojective differential geomebryOP
M smnoothn -dimensional manifold .

Definition: Two affine connections Ret Don TM aore projectively
equivalent if and only if they have the same

--

enparamebused geodesies .

Theorem(Weyl): Det T are projectivoely equivalent iff there is
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such that
:
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We willabbreviate this
:

P
=R+r.
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Projective compactificationII .-

hetM =MUOM be a manifold with boundary OMl
,

and intorior

M
.

het D be an affine connection on M.

D
:D

is said projectively compact of order a if and only if
at each point KoEOM there is a neighbourhood U and

a boundary defining frenction(BDF)I on I such that the
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Def: bet N =MUOM and g a metric onM .g is said to be

projectively compact of order a if its Levi
-livita

connection

is projectively compact in the preceding sense.

Examples : Minkowski spacetime is projectively compact of onderI

. De Sitter spacetime is projectively compact of ordera
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Projective densities and projectively invariant equations

Dif: A projective density of weight WEC is a section of

E
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T
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How can one construct projectively invariant diffrentiel operators .

No preforedconnection

Some equations can be made projectively invariant by givinglensors

a weight.



Example: the projective killing equation.

If P =P+V:

TEPLECaI : Dao-Rar torarthen

Mb EPCTMI : PaMs -Rar ZraUb,then-

Hence if UYEPLTMOOEC-21):
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Tractors(
theory )IE

(1924)ECartanTheorem-

projectiveEvery induces a unique torsion free normallass

Cartan projective geometry ( P,w).

Conversely, each such geometry determines a class of projectively
equivalent offine connections.

Def: The standard tractor bundle is the associated bundle .

T=( PXHG)XGIRAI
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acts on IRN
+

canonically .



A Tractors inpractice
The bundleT has the following decomposition structure:
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The tractor connectionB
The projective Cartan induces anconnection affine connection

.

7on T.
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In the case of the projective sphere 5..
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Fractor metric@
In GR we are mainly interested in the projective classof
the hevi- Civita connection of a metric g

This equates to a metric HAB on TO that is a solution of
the metrisability equation.

PeHAB t XIAWEBE HEF=O

WCEBF = A B
)FŻEz

I tractor curvature

TcHAB
=o-normalsolutionInsome cases this reduces to:
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Natural differential operators on bactorsD

. The ThomasD
-operator basic building block .aI
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Exterior tractor calculus
We restrict now to (Migl ovented and projectively compact of order E
In this case: (

deSitter).

is everywhere non-degencrateHfAB
.0

flwgT ?is a boundary defining density .

B('21):Prop: One can equip T with an orientation induced by that of
CMig) and develop Hodge theory for tractors.



A few details..

ZAZ3 HAB:o'gab-EFLTUG-211
L metric on TOMCI

)

wa l oitho nnormal dual frame Jä
=zäwä

IA
=PAT EPITLID

, IE HABIAIB
,

HAB s o
'I

t
0non-degenerate

on N

Therefore one can JÅ=T IA, QT =JOn
5d--15.

define:

R''s pautg
)



general formula for the Hodge star operalora -
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An operator algebra (B'21)
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Corollary 1: If (Mig) is Einsternthen:

K = 5

{ D
.D*

y= { }+
-'22

+h =n+z

1.2form a triple .

wHo,Gorollary2: If thenr the cohomology spaces of the cochain complex:
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DEaw-1.... D ECA
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)
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are all brivial

* Generalises the case kIOCJ established in S. Porath's PLD thesis

without the Einstein assumption . (
Boundaryoperators

on klein manifolds)



Application to the Proca equation :

Factor version
: { =%.
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Why "'Proca"?
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*1.2.Using the algebia formal solutionoperator Gooor -Waldronl )

ğf=o f-foconsider the problem: on M and on OM.

Using the commutation rules we can formally finda solution of
the

form:
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: In DeSitter
,

thanks to the symmetries
,

the resolution is exactprop



Perspectives and future projects
How to treat the Ricci -flat (=

I)

case in which the

boundary calculus degenerates?
How to give an analytical meaning to the formal series?
( Symbolof a Fourier integral operator?)(

with

M -Cappoferri HHeriot
.Watt)

S Mcorro (
Gênes))

Canwe construct a tractor version of the Dirac equation jin
particular in the case 2=1?


