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Equivalents
-

⑪ THI WILL NOT BE COVERED IN THE LECTURES
-
--

IT IS A TOOL YOU MAY USE TO HELP YOU

FIND A SERIES TO COMPARE TO .

IF YOU USE THIS I RECOMMEND YOU APPLY THE

LIMIT TEST AFTERWARDS TO CHECK YOU

HAVEN'T MADE A MISTAKE .

I - Introduction

Consider a series (an)
,

ane in general ,
120

N

me cannot compute the partial surs SNFEan
I

we are reduced to trying to deduce

convergence of on From properties



of the geneal tam Canne .

We have seen
,
that if San converges

them han,
but this is not enough

in general . (Recall En diverge :
( What

seems to matter is how fast (an) is

converging to 0 . (It is too stow but(a)1
is fact enough .

We have also learnt that an main tool

is to compare series

Recall the main land only indeifying ideal is:

an bn
-



and Ebn Converges then Fan converges

I San diverges then Ibn direrges :

So to compare series me want to

compare the behavious of the general tame .

a 4

Equivalents give a vigorous meaning to

the idea "an" and "bu" have the same

behaviou when -sto ·

I The Definition -

This is the mathematical part
,

bean with me ,

its important because it gives you
the rules .



Def We
say
that two sequences (an) and (bul

are equivalent ,if for every SEIRI
,

there

is RoEIN such that whenever n= no
,

we have the estimate :

lan-bulalbul

Remark
,
if buto for =no ·

this means 1- 1) E

in = 1

p If = then anno



vExample : n+2n2+ n moton
Indeed n3 + 2n2 + n = n3(1 + + (2)

-

- 0

n-A

so lin n + 2n2+n =1-
mist -

n

In general any polynomial expression in n

is equivalent to the term of highest degree

le - - ao ean ↓ 9-ne-s
mer

Gant

Example 2 : If (bu) converges
to a val Lo

then by w L .

n---



1) If a sequence lan) converges
to o

then it is not time in general that an woI-unsto

In fact for a sequence to
be equivalent to 0

At must be constant and equal to 0 after

a finite number of fermes .

-> Do not replace a sequence converging to 0

by 0 When computing equivalents . Equivalents are

all about finding out fw can) converges to 0

SHORT VERSION

- Neuez corite an wo
-

-

- mestA
-



#- Rules of computation

It tuns out that this definition is good"
in the sence that these is an associated calculus .

Here are the rules :

⑪ an won C bu an

nisto n-St

②

armeo et - a
en ChI nete

③ anw an

nist

u 4 ↑4
This means that e behaves like =

note



Let an be a sequence then :

④ an ~ du then and ~ande
n-7 nust0

We can multiply equivalents. !!
--

Now if an ~br anch ~ ande
n+ A auch ↳-

Ca ~ du andn ~ budn
nest s n-ta

so ann No budn
n- 0

we can also deduce that if anto ,
buto

after a finite number of tarms them :

an bu => I noton
n-+ 11



Exponential

⑤ If anweb do an-bu = 0

an bythen e -2

↳-te

an an-bn
Roof : e

-
e

-

ebn
an

since an-bn -> 0 e ->
I

-

n-br 0 bn n-+1
e

an bu
so e ~e

histo

⑥ some other functions

· Suppose im an = 0 In (Han) ~ am

n + E n-+

sin (an) er an

n-

· If to an =0 and an ~by
nest

then Inlan mon (bul



D We cannot ingeneral "take functions" of
equivalence-

D Summation of equivalences does not
-
-
-

work

e

E
an merbn then it is NOT in general

In du true that ante~butde

n-+0 amet

e . g . an= r An en
BUT Antbur I

↳mot

bu =
- n + 1 nistes

bu v -

n-+

DON'T ADD EQUIVALENCES
--
-



- Applications

Am If an ~by then San converges
n-st

if and only if Ibn converges

#. This is just a restatement of the lunt

test

Examples [arti
n=0

n
+ 2n + 1

- ↳
so ! converges

n'+3n+1 n-1

because [A converges .



Et
Si La

->Osince is
mero en(1+ ) Ero isIt
i

sin (A) mere

therefore : (14) -m(7) I
n5 n-st 1 49

e

general
term of
a convergent
series

Calculate dis (1 +) ,
REIR constant

-

(1 " =

e

nh((t2)

Since ↳-
so Callt) et

annst



nentE) o

This means that line nall + ) = x

n-st

invanticular ((n(ty) -a) = 0

therefore
; (It =

e

na(t)
v C

↳

n -to
.

in otherwords live
e

x

neto (Itnite
Notice that although I Ford

(+2) = 1

=> HANDLE WITH CARE

&



Equivalences can be used to calculate

linits :

Proposition
if an Estobu and him an= L

nots

where Le IRUSto
,
-13

then line br = L-
n-st A

Proof :

Suppose ↳ is finte, then can) is bounded .

--

Let M >0 such that lank M faallntIN ,

Let 220
,
there is MoEIN such that

whenever nzno
,

lan-11-29 .-2

There is also meIN such that

Lwhenever nen
,
Ibaal daIIM

now Ibu-Ll < Ibn-anl +lan-L1 C
- -

[ -Es

whenever < maxino
,
ni) so lim bu= L

S n-sts



11 him an= +D

neste

Let A so
,

there is MotIN suchthat

when = no
, an ?LA !O Now one can

also find n
,
EIN

,
such that Ibn-an 1-

so when us
mar(n, no

bu-an I -(-- an
2 I

so by I an I A-
I

The moof is similar if L = -0
-

Exampleonsin (t) nits n * ~
mot s

so lim usin (t) = 1
ust's

②les et ro
lin 13+ 2n + 1

= E
.

n-st
3 n +50n+225



-Concluding remarks

· There is a very famous formula ,
known as sticting's

formula ,
that gives an equivalent for n !

Theorem
n
! ~an'()

This gives a very good approximation of

n
! for very large n .

· My advice : if you feel that this makes

sense to you, use it in your daft
book

Iso use the known equivalents abovel but

check
your answer using the limit

test .



If you think this could be useful to you

and want to pactice by to show :

: ren (Itsin())
no I

sin(t)
not a

2 :
n (n)1 + E(h (1) et

6

Er n + 2n2 + 1
-
me to (lates

E4 n(n(n+1) - lun) v I
n-7 $

- en
ES --

htt
-e

- -

n e + e R

At:

I use that : if anto them ea- gar)
can you see why this one works ? f Hospitals

sule



E Est t e

↳s

Ex7 in (in(ett)) I
-

n-st en

E Using l'Hospital's cule : show that

ti tk= 1
,

show that

tan (sin(s)) noten


