
Vector space basics

Ref A Gall vector space is a
set E

endomed with two operations :

-

t-> internal addition + M

-> multiplication by a scalan /CIR s--
i

subject to the following long list of conditions
(hat summanise completely all that you are used to f

Properties of + +Y E (the sumofrectors is a rector
-

· There is a 0 element such that eto-â

for any .

· (5 +y) + y =
x + (y +z) frallay

· For
every

et these is an etement (-x)

such that +1-5) =

%
-



6
+Y = Y + (commutative(

(Mathematicians summaise this by : (E,t) is an abelian

Popenties of
goup) .

·: JxE-> E
(dic) - d Iscaling of a vector -

↓multiplication in IR

⑳ J : ( .
2) = (dM) .

â
e e wo

CIR GE GIR GE
-

tE

· 1 . =
E

· bâty) =
d .+ dy (Distributivity)

· (dtm) - = dâtMit

Emple IR" cath the following operations

· (x ,,...,en) + (y , . ..,Yn) = (ity,
, ... , Entyn)

·
das , ...,

(n)= (bx, . . .

, Jeen) .



Let Eiies anarbitrary family of nectors .

Let Ibilize be a family of reals ouch that

di = 0 fo all itI excepta fite number-

we call Edi; a linecr combination
i=I
e

this is a finte sum

of the vectors -

We define IR
*)

to be the oct composed of

all families (dilizI euch that di =0

fo all but a fuite number of indices .

It is a vector space : with the opecations .

E (dilizz+ (milieI,,(ditmilieI2 . (bilizz=(2d :)i=I



The
200 vector is the farly such that bi=0

for all itI .

Linean maps /hansformations .

Let E
,
F be two vector spaces ,

a

map u : E-sF is said to be linear

if it pressives the vector space structure :

i . e: for every Y E
,
SER

u(dâ +y) = +uly) .

EF



Fundamental example et leilite be an

arbitrary fanly of rectors :
(elements of El

then the
map

:

↓ :
1
(5)

-> E

(iliet -Ediei
it]

is bnear .

Def . If I is onto/sujective then

we say that GilieI generates E

② If It is one-to-one (injectivel then

Ceiliz] is said to be free .

③ If I is a one-toone corespondence
(bijectivel

them liliz is said to be a BASIS
-



Im & The candinal of ay basis of E

is the same and is called the dimension of
E .

② Every rector space
has a basis .

The dimension represents the number of
independant directions in E

ample : IR" is of dimension 1 .

It has the canonical basis

e,
= (1

,
0
,.

- j0)
,
2
,

= (0
,

1
,0 ..

0) ...

.. ei = (0, ..,0
, !0 .... )

, en = (0
,...,01)

imposition



Matrices and linear maps

Let Eand F be two finite dimensional
vector spaces of dimensions (dimt = n

..

dimF = M

Let (et - cen) be a basis of E

I8...Erl be a bass of F .

By definition of a basis
every nector
E

can be wutten iniquely as ahneal combination

of the basis elements .

â
=
Enie
i=e
EIR

The real numbers (i) are the coordinates of
i in the basis (e

...,en)



Therefore : un=Eaiule) by-
en

EF

uneaity .

So the
map i is completely

-

deteinuned by the nectors relet) ·

Since they are elements of F they

canb written uniquely :

meil=Mj : I
but

the =
ai .( : Jr)

i= 1

mat= E), Maire: )



So given
the two bases we know everything

about the transformation as if we know

the numbers . (Mji)
e ,il ess..,n

We call M=/Mji) (ii) the matix of se

in the bases Cet
.....
en) of E and

18,..., Er) of F .

We ante :

I :mit)Gro e

If = Eriei we call

X= (a) thecoordinates
coll

en et
basis (et,..., en) .



From the above
,

we see that the
coordinate column nector of utat in the basis

18, ..., fin) is given by .

Mis . --- Min

Sm!(
M X

the matix M depends on the choice of bases.

in E and E .

ample Consider IRE with basis
i

= (1 ,
0

,08 = (a)
,
d)

,

k = (00 ,
1)

F =
IR2 with basis exc(( ,

0
-

= (0,
1)22



-Definea heattrop bye
u() = te

u(R) = et - e

The matit Mot i in the bases (i ,jit)
of IR and (eT , et) of IR2 is :

M = 1 = ! I
e

codinateet ↑
cordinates of

cordinates of u(k)

u(j)

If < = i + 22 - l



then the coordinate vector of i in the
bass i

, in is

(! )
the coordinate nector of u(i) in the basis

et ,et) of IR is .2

(=-i)(2)
-(s)

so (a) = et+ Set

to check me can calculate directly :

i(s) = i(i + 25 -
t)



= (E) + 2 . (j) - (E)

=(2ei +3e) + 2 . Itei) - lei-e)

= T + Se= -

mark Makix multiplication is defined so

that this works !

Rop if u : E-sF
,
v : F- G

are two linear maps and :

· le .. ! a basis ofE= BE

· IS..... finl a basis of F = BF

· (g...,gal a basis of G = BC



If M is the matrix of le in the basis

le .... ent of E and (AT
...,
fil of F

if N is the matit of re in the basis

(6 ...,fu) of F and 15
,

.., 95) of 6

then the matit of you (composition) in

the basis (et ...,en) of E and (9, ,.., gi)

of G is the matix - NoM .

We sometimes route :

Mat(voul =Mat(a) + Mat(ulBEBE
B Be BFIBE

-

- matrix of u

matix of Le in thebasis BEOfE

in the basis Be ofF and 132 ofG .

and the basis BE of G




